In this paper we revisit the striped wind model in which the wind is accelerated by magnetic reconnection. In our treatment, radiation is included as an independent component, and two scenarios are considered. In the first one, radiation cannot stream efficiently through the reconnection layer, while the second scenario assumes that radiation is homogeneous in the striped wind. We show how these two assumptions affect the dynamics. In particular, we find that the asymptotic radial evolution of the Lorentz factor is not strongly modified whether radiation can stream through the reconnection layer or not. On the other hand, we show that the width, density and temperature of the reconnection layer are strongly dependent on these assumptions. We then apply the model to the gamma-ray burst context and find that photons cannot diffuse efficiently through the reconnection layer below radius r ∆ D ∼ 10 10.5 cm, which is about an order of magnitude below the photospheric radius. Above r ∆ D , the dynamics asymptotes to the solution of the scenario in which radiation can stream through the reconnection layer. As a result, the density of the current sheet increases sharply, providing efficient photon production by the Bremsstrahlung process which could have profound influence on the emerging spectrum. This effect might provide a solution to the soft photon problem in GRBs.
INTRODUCTION
The solution to the compactness problem of gamma-ray bursts (GRBs) requires the emitting plasma to expand at ultrarelativistic speed, with a Lorentz factor Γ 100 (for reviews see e.g. Piran (1999) ; Mészáros (2006) , and more recently Kumar & Zhang (2015) ; Pe'er (2015) ). The acceleration can be provided either by the thermal pressure if magnetic fields are sub-dominant, UB ≪ Uγ (this is the classical "fireball" model; see Paczynski 1986 Paczynski , 1990 Rees & Meszaros 1992 Piran et al. 1993 ), or at the expence of magnetic energy, if UB ≫ Uγ (Spruit et al. 2001; Lyutikov 2006; Narayan et al. 2007; Tchekhovskoy et al. 2008; Komissarov et al. 2009; McKinney & Uzdensky 2012) . In addition, the high efficiency of GRB prompt phase (Cenko et al. 2011 ) implies that the plasma should be an efficient emitter during and/or after its acceleration. This requires the plasma energy to be dissipated, either via shocks (Rees & Meszaros 1992 Daigne & Mochkovitch 1998) or in magnetic reconnection (Usov 1992; Thompson 1994; Drenkhahn & Spruit 2002) .
The question of magnetization in GRB outflows is still open. The initially suggested non-magnetized models face several difficulties. These include: (1) the low efficiency energy output by the central engine through neutrino annihilation (Di Matteo et al. 2002; Song et al. 2015) ; (2) the low efficiency of kinetic energy dissipation by shocks (Kobayashi et al. 1997; Panaitescu et al. 1999) ; and (3) if the energy is dissipated in shocks, the difficulty of the synchrotron process to account for steep and narrow spectra (Ghisellini et al. 2000; Axelsson & Borgonovo 2015) . On the contrary, Poynting-flux models do not suffer from these problems. In particular, kinetic energy does not need to be dissipated, provided that magnetic energy can be converted to radiation, for instance through magnetic reconnection. In addition, the rotational energy of a black-hole can be efficiently tapped by the Blandford-Znajeck mechanisms (Blandford & Znajek 1977) , resulting in a Poynting flux dominated outflow. This mechanism is thought to play a central role in the physics of active galactic nuclei (AGN) (Begelman et al. 1984; Wilson & Colbert 1995) , and accreting systems such as X-ray emitting binaries (XRBs) (Narayan et There are two different mechanisms which could operate in accelerating Poynting-flux jets to relativistic velocities, depending on the topology of the magnetic field lines. First, the acceleration can be powered by the expansion of the magnetic field lines, provided that particles are attached to the field lines. This expansion follows the amplification of the magnetic field and twist of the lines by the rotation of the central black-hole (Tchekhovskoy et al. 2008 (Tchekhovskoy et al. , 2010 . Second, the acceleration of GRB jets might be powered by reconnection of the magnetic field lines (Thompson 1994; Lyubarsky & Kirk 2001; Spruit et al. 2001; Drenkhahn & Spruit 2002) , similar to pulsar wind nebulae (Coroniti 1990) . A fast rotating neutron star having rotational axis misaligned with its dipolar moment naturally produces a striped wind above the light cylinder, consisting of cold regions with alternating magnetic field separated by hot current sheets. Furthermore, striped winds may also be produced by black holes (Spruit et al. 2001) . Such a wind is accelerated by the reconnection of magnetic field lines with opposite polarity. Early models of the striped wind were developed for pulsars and more specifically for the Crab nebula (Michel 1971; Coroniti 1990; Michel 1994; Lyubarsky & Kirk 2001) , and scaled to GRB physics by Drenkhahn & Spruit (2002) ; Drenkhahn (2002) ; Giannios (2006) and Giannios (2012) .
Although the dynamics of the striped wind model have been studied by several authors over the years, possible effects of radiation have not been addressed yet. This could be of particular importance in the context of GRBs, since a GRB central engine is expected to be heavily loaded with baryons, implying that the striped wind is initially optically thick, as opposed to the pulsars case. Therefore, the photons emitted inside the hot current sheet (or reconnection layer) are coupled to the flow until their escape at the photosphere. The properties of these photons will therefore be manifested as they emerge from the photosphere (Goodman 1986; Paczynski 1986; Abramowicz et al. 1991 ).
An observed photospheric signal within the framework of the striped wind model is expected to differ from signals expected within the framework of existing photospheric models, due to the fact that this model naturally possesses a non-homogeneous density profile. It may therefore suggest a natural solution to reconcile efficient photon production in the dense current sheets together with ultra-relativistic motion. Indeed, photopheric models rely on dissipation of energy below the photosphere to account for the soft low-energy spectral slopes and the high efficiency of the prompt phase (Cenko et al. 2011) . However, the observed spectral peak at the energy of only a few hundred keV implies efficient photon production at intermediate distances 10
9 −10 10 cm, and the Lorentz factor of the outflow should not exceed ∼10 in this zone (Beloborodov 2013; Vurm et al. 2013 ).
Furthermore, considering radiation as an independent fluid component allows to study its effects on the dynamics, on the acceleration rate, and on the evolution of the wind internal structure (Coroniti 1990; Lyubarsky & Kirk 2001) . In the context of GRBs, this had never been done before. Previous works by Spruit et al. (2001) , Drenkhahn & Spruit (2002) , and Drenkhahn (2002) studied the dynamics of the plasma in the striped wind model, neglecting its internal structure. Drenkhahn & Spruit (2002) included radiative losses in their numerical treatment, assuming that (1) the internal energy is uniform in the striped wind, and (2) the emissivity is constant, equal to an arbitrary value. The goal of this paper is to bridge this gap by studying how the dynamics and the internal striped wind structure are modified by the existence of a strongly coupled radiation field, as is expected below the photosphere.
In the paper, we study two limiting cases for the distribution of radiation in the striped wind. Radiation can either (1) be confined to the current sheet (hereafter case I) or (2) fill the full outflow (hereafter case II). We show that acceleration proceeds at a similar rate in both cases. In particular, the Lorentz factor increases proportionally to the radius as Γ ∝ r 1/3 , as was first found by Drenkhahn & Spruit (2002) . In addition, we find that the proportionality coefficient is weakly dependent on the radiation distribution, with only ∼ 5% difference between the two scenarios, independent of any parameters characterizing GRB outflows. On the other hand, we show that the internal structure of the wind is very different in these limiting cases. The current sheets width and density are respectively much thinner and higher when radiation is assumed to stream through the current sheets into the magnetized (cold) region, because in this case, the magnetic pressure is balanced only by the gas pressure in the sheet whereas the gas temperature remains relatively low being in equilibrium with the radiation. We compute the rate of photon diffusion and find that the heat produced by magnetic reconnection remains confined in the current sheet up to the radius rD ∼ 10 10.5 cm, smaller than the photospheric radius. Above rD, the heat can be transported and distributed in the magnetized region. Therefore the flow is in the regime I below rD and in the regime II above this radius. We show that due to the high plasma density in the current sheet in the regime II, the radiation is efficiently thermalized via the Bremsstrahlung emission/absorption, which could have profound effect on the emergent spectrum.
The paper is organised as follow. In section 2, a description of the striped wind with its governing equations is given. Then, section 3 presents the asymptotic solution to the governing equations. Section 4 deals with the rates of photon diffusion and of photon production mechanisms. The implications of our work on the physics of GRBs are discussed in section 5, and the conclusion follows. As the complete derivation of the equations is cumbersome and not required to obtain a clear physical picture, it is presented in the appendix.
BASIC PROPERTIES OF THE MODEL

Parameters of the striped wind
In the collapsar scenario (Woosley 1993; Woosley & Heger 2006) , a magnetar or a rotating black-hole is naturally expected to form in the center of a GRB progenitor. It will produce a striped wind (Thompson 1994; Spruit et al. 2001) , provided that the central region is highly magnetized.
1 Below the light-cylinder, defined by its radius rL = c/Ω, with c the speed of light and Ω the angular velocity of the neutron star, the field lines are closed and the plasma is in co-rotation with the neutron star (Michel 1969 ). However, above the light-cylinder, the field lines must be open (Goldreich & Julian 1969) . In the aligned rotator case, current sheets are formed in the dipolar equatorial plane (which is also the spin equatorial plane) above rL, as this plane separates regions with different magnetic polarity. Indeed, the open field lines on each side of the equatorial plane are attached to a different pole of the central neutron star.
In the case of an oblique rotator, the current sheet is not steady. At the spin equator, the polarity of the magnetic field alternates (Michel 1971; Coroniti 1990; Spitkovsky 2006 ). Therefore, above the light-cylinder the wind can be described by regions with nearly toroidal magnetic field of alternating polarity, separated by thin non-magnetized current sheets (Michel 1971) . The length-scale l0 on which the polarity alternates is comparable to the rotation period of the neutron star times the speed of the plasma above the light-cylinder, which is nearly c, therefore l0 ∼ 2πc/Ω = 2πrL. The relative strength of the toroidal magnetic field of alternating polarity depends on the obliquity between the spin axis and the magnetic moment. The strength is roughly equal for an obliquity of 90
• , the only situation considered in this paper.
2
As a result of the current sheet oscillations at the spin equator, the outflow is composed of two regions, as shown in Figure 1 . The first is the current sheet, in which the reconnection of the magnetic field lines takes place. This region is non magnetized 3 , hot, and is characterized by high comoving density, denoted here by n ′ 1 (here and below, X ′ represent quantities measured in the comoving frame). Being hot, the pressure in this region is dominated by its thermal component. We normalize the width of the current sheet, lcs relative to the alternating field width l0 by writing ∆ = lcs/l0. Typically, ∆ ≪ 1, which can intuitively be understood as this region is compressed by the magnetic pressure of its neighbouring regions and is therefore much narrower than the magnetized regions. The second region is the magnetized region, which is characterized by comoving density n ′ 2 . This density is lower than the comoving density in the current sheet, n ′ 2 < n ′ 1 . The pressure in this region is dominated by its magnetic component, B ′ 2 /(8π).
4
Photons are emitted within the hot, dense reconnection layer. Up to the photospheric radius, which is typically at ∼ 10 11.5 cm (see Section 4.1 below), GRB outflows are optically thick. However, due to the narrowness of the reconnection layer, it is possible that photons diffuse into the magnetized region at radii much smaller than that. These photons thus transfer energy and entropy from the hot current sheet and redistribute them inside the colder magnetized region. The diffusion of photons between the different layers below the photosphere may therefore have a significant impact on the dynamics and on the internal wind structure. In order to study these energy and entropy transfers, we consider the radiation field as an explicit independent fluid component.
At radii much smaller than the photospheric radius, as considered in this work, the photon and particle fields are strongly coupled. We thus assume instantaneous redistribution of heat and entropy between photons and particles in the different regimes. This implies that the photon and gas in each regime assume similar temperature (in the general case, clearly
In describing the dynamics, we consider efficient acceleration due to magnetic reconnection that begins at radius r0 > ∼ rL. As a boundary condition, we assumed that at r0 the current sheet width is very small, ∆0 ∼ 0.
5 The outflow is accelerated at the expense of the magnetic energy, which is dissipated by reconnection in the current sheets. As the magnetic pressure drops, the current sheet width increases, eventually filling the full outflow when all the magnetic energy was dissipated and converted to heat and bulk velocity.
Close to the light-cylinder, the structure of the magnetic field is not well-known. However, the flow is stretched in the transverse direction so that far beyond the light cylinder, the field becomes predominantly toroidal and the current sheets are perpendicular to the flow velocity. If the field is not dissipated, it varies as B ∝ ̟ −1 , where ̟ is the cylindrical radius of the flow (the striped wind forms by oscillations of the current sheet at the spin equator). Assuming for simplicity that the flow is 1 If the central object is a neutron star, it is necessary that the obliquity between the rotational axis and the dipole moment of the compact object is non-null. 2 The case of a non-orthogonal rotator was partially addressed for pulsars by Coroniti (1990) . 3 The assumption that the current sheet is not magnetized at all is an idealization. In reality, the magnetic field smoothly changes sign within the sheet. As it is shown by Lyubarsky & Kirk (2001, see the very end of the Appendix), the striped wind in the general case is described by the same equations as the idealized wind with non-magnetized current sheets with appropriately normalized parameters. Figure 1 . Details of the small length-scale structure of the striped wind: magnetized regions (in blue) of alternating polarity are separated by dense current sheets (in red). Both the pressure and the entropy have contributions from the gas and from the radiation:
radial, one can write
where B0 is the magnetic field at r0. 6 At the light-cylinder, the luminosity L (per steradians) is assumed to be dominated by its Poynting flux component,
The initial magnetization of the outflow, σ0 is defined as the ratio of the Poynting flux luminosity (which is equal to the total luminosity at r0), to the kinetic-energy flux at r0
where Γ0 and n ′ 0 are the Lorentz factor of the outflow and the comoving density at r0, and mp is the mass of a proton.
Governing equations of the striped wind
The striped wind can be described by two separate length-scales. First, the nearly periodicity of the magnetic pattern defines the short length-scale, comparable to l0. It describes the polarity change of the magnetic field and the current sheets, which consist of the internal structure of the striped wind. Second, the reconnection sheet growth (corresponding to the characteristic magnetic field decay length) defines a second length-scale
much larger than the first one. This second length scale characterizes the plasma expansion.
The hydrodynamical quantities of both the current sheet and the magnetized region do not vary significantly over the short length-scale, corresponding to one period of the striped wind internal structure. In order to obtain the set of equations describing the parameter evolution on the large length-scale R, we therefore average the conservation equations over the short length-scale. Our treatment is therefore analogue to treatment of one full period of the striped wind as a single fluid element (with internal structure). While we provide here the basic set of equations, we give the full details of the derivation of the relativistic radiation MHD equations in Appendix A, while the two scales expansion used to obtain the equations solved below is fully described in Appendix B. Application to the striped wind is given in Appendix C.
We assume that ideal MHD conditions hold in the magnetized region. The flux freezing condition is a direct consequence of the Faraday equation and of the continuity equation (see the derivation of Equation B17 in Appendix B). On the large length-scale R, it reads:
where B ′ = B/Γ is the comoving magnetic field, which decays only over the slow time-scale.
The averaged over the striped period continuity equation becomes
where β = (1 − Γ −2 ) 1/2 is the normalized outflow speed. The averaged energy-flux equation reads
where
+ pi is the total enthalpy, including the contribution from the gas and from the radiation h
,g is the internal energy density, including both the internal energy density of the radiation and of the gas. The entropy equation is given by (angular brackets mean averaging over le stripe wind)
The set of magneto-hydrodynamical equations is completed by the perfect gas law pi,g = kBT
where kB is the Boltzmann constant, by the relativistic equation of state for radiation ǫ ′ i,rad = 3p rad and by an equation of state for the gas
whereγ is the adiabatic index. The temperature in the flow is non-relativistic, as can be checked a posteriori (maybe with the exception of very small radii which are of no interest here). Therefore we could useγ=5/3. The index i = 1, 2 describes the two regions (current sheet and magnetized regions). Finally, a prescription for the magnetic dissipation is required to close the system. In Coroniti (1990) and Lyubarsky & Kirk (2001) , the reconnection layer width is set to be two times the Larmor radius of an electron in the reconnection layer. Instead in this paper, we chose to assume that the reconnection rate is constant with the radius and is equal to a fraction ǫ of the Alfvén velocity 7 , roughly equal to c in highly magnetized outflows. Following Drenkhahn (2002) and Drenkhahn & Spruit (2002) , the reconnection rate is parametrized as
where A = (ǫΩ)rL/(2πc) = ǫ/(2π) is a constant 8 . We further motivate this choice and discuss its impact on our results in the discussion section.
SOLUTION TO THE CONSERVATION EQUATIONS DURING THE ACCELERATING PHASE.
The full solutions to the above set of equations could be obtained only numerically (see sect. 3.3). However, one can find analytical asymptotics for the intermediate zone, where the flow is already significantly accelerated, Γ ≫ Γ0 but still remains Pointing dominated, σ ≡ B 2 /4πmpn ′ c 2 Γ 2 ≫ 1. The last condition implies ∆ ≪ 1. Equations 6 -10 are written in terms of the normalized expansion radius R ≡ r/rL. We consider the acceleration to effectively begin at normalized radius R0 = r0/rL, where the outflow's Lorentz factor is Γ0, the comoving magnetic field is B ′ 0 , and the width of the current sheet is ∆0 = 0. The density at R0 is n ′ 2 = n ′ 0 and the enthalpy is h
7 This fraction of the Alfvén velocity (ǫ) is not to be confused with the energy density of the gas ǫ ′ i,g . Additionally, we note that ǫ only appears associated to the angular velocity of the central objects Ω, to form the parameter (ǫΩ). 8 The multiplication by r L is present to set A in proper units of normalized radius R.
The continuity Equation 6 and energy-flux Equation 7 take the form
The flux freezing condition (Equation 5) is simplified as
and it is used to eliminate B ′ from the two previous equations.
The complete derivation of the equations for ∆ and σ in the first order approximation is somewhat technical, and presents only a minor physical insight. Therefore, it is fully presented in Appendix D, while in this section we provide the main results and their physical interpretation. In the zeroth order approximation in the small quantities ∆, σ −1 and Γ −2 , the set of equations becomes degenerate. Therefore, in order to obtain a solution, one needs to solve the equations to first order in these quantities. Instead of working with equations containing both the zeroth and the first order terms, we manipulated them such that we eliminated the zeroth order terms, which yields a simple equation D13
where Γmax = Γ0σ0 is the maximum Lorentz factor that can be achieved, if all the magnetic energy is converted to bulk kinetic energy. In this equation, the right-hand side is small as Γ/Γmax whereas the left-hand side is small as ∆. This equation may be supplemented by the zeroth order continuity equation
In the derivation of Equation 14, it is explicitly assumed that the outflow reached radius R that is much larger than the fast magnetosonic radius R fms . The fast magnetosonic radius corresponds to the radius at which the outflow speed equals the speed of the fast magnetosonic wave, which is given by β
, where s = dp/dǫ is the sound speed. At radii R ≫ R fms , one finds Γ ≫ Γ 1/3 max . This can be easily understood in the highly magnetized regime. Using the flux freezing condition and the zeroth order continuity equation, the Lorentz factor of the fast magnetosonic wave is given by
2 ) ∼ σ0Γ0/Γ, where we explicitly assumed s 2 = 1/3. Since Γ increases with radius while Γ fms decreases with radius, at radii R ≫ R fms one finds Γ ≫ Γ fms , and the condition Γ 2 ≫ Γ 2 fms can be written as Γ 3 ≫ Γmax. The reconnection rate (Equation 10) and the entropy equation admit the forms
and
(see Equations D16 -D19 in Appendix D).
In deriving Equations 14 -17, there was no need to explicitly introduce the radiation field. Radiation affects the dynamics by contributing to the entropy h ′ , energy density ǫ ′ and pressure p. Therefore, in order to solve these equations, one must assume a priori how radiation is distributed in the outflow. We studied two limiting cases. First, we assume that radiation can not diffuse through the current sheet, and second, we consider the scenario in which the energy and entropy carried by the photons are fully redistributed in the two regions. We present the full solution to the equations in Appendix E. Here, we briefly present the key results. In section 4 below, we discuss the validity of these two limiting cases for parameter regions characterizing GRB outflows.
Case I: the heat remains in the reconnection layer
If photons can not diffuse efficiently through the reconnection layer, the heat produced by the reconnection remains in the current sheet. The magnetized region remains cold, p2 ≪ B ′ 2 /(4π) and ǫ
In this case the current sheet is hot, ǫ
, where p1 is dominated by the radiation (the adiabatic index isγ = 4/3).
The conservation equations admit the form (see Equations E1 -E4 in Appendix E)
These equations are satisfied by the ansatz γ ∝ ∆ ∝ R 1/3 and n ′ 1 /n ′ 2 = const. Substituting and looking for the coefficients, the solution is
In order to obtain analytical expressions for the radial evolution of the rest of the physical quantities, it is convenient to define a radius R0,I as the radius at which the asymptotic solution of the Lorentz factor (given in Equation 21) is equal to the initial Lorentz factor, Γ0. We interpret this radius as the radius at which efficient acceleration by magnetic reconnection begins (the subscript I represents case I -the heat remains in the reconnection layer). Similarly, we define Rc,I as the radius at which the entire magnetic energy is exhausted by reconnection, and interpret this radius as marking the end of the acceleration phase, which is the beginning of the coasting phase. From Equation 21 it follows immediately that R0,I = Γ 3 0 /(5AΓmax) and Rc,I = Γ 2 max /(5A). Using the first order continuity Equation D5 combined with Equation 23, the radial evolution of the density in the magnetized (cold) region in the range R0,I...Rc,I is given by
The radial evolution of the comoving magnetic field is obtained using the flux freezing condition (Equation 13),
Finally, the comoving temperature of the current sheet 9 is obtained by assuming that the internal energy density is dominated by radiation. Then, the pressure balance condition is written as
Therefore,
Here, a th = 4σSB/c is the radiation constant, and σSB is the Stefan-Boltzmann constant.
Case II: the heat is redistributed by radiation in the magnetized region
In the limiting case II, the heat is assumed to be redistributed in the magnetized region by radiation, which fills the striped wind with energy density ǫ ′ rad . This case represents a scenario in which the optical depth of the outflow is large, while the width of the current sheet is small enough to enable photons to diffuse into the magnetized region. In this scenario, we can approximate the temperatures both inside and outside current sheets to be equal,
′ , and non-relativistic
where me is the mass of an electron. Hence, the energy densities and pressure in both regions are given by ǫ
rad . In the magnetized region, the magnetic pressure dominates the gas and radiation pressure B ′ 2 /(8π) ≫ p2. We expect the density inside the current sheet to be very large, n ′ 1 ≫ n ′ 2 , in order to balance the magnetic pressure n
In addition, it can be checked a posteriori that radiation dominates the thermal energy density. Therefore, ǫ
9 By assumption, the magnetized region is cold.
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The conservation Equations (14 -17) are simplified to
These equations are satisfied by the ansatz Γ ∝ n
2 ) = const. Substituting and looking for the coefficients, the solution is
Comparing Equations 21 and 30, one finds that difference in the asymptotic Lorentz factor between the two limiting cases I and II is very small, and is only (35/30) 1/3 − 1 ∼ 5.3%, independent on the wind parameters. This result is unexpected, and somewhat counter-intuitive.
In analogy to the discussion that followed Equation 23, we define the limiting radii R0,II and Rc,II. From Equation 30, we find R0,II = 7Γ 3 0 /(30AΓmax) and Rc,II = 7Γ 2 max /(30A). In deriving an analytical expression for the radial evolution of n ′ 2 as well as the other hydrodynamical quantities between R0,II and Rc,II, we use the zeroth order continuity equation
Using the flux freezing condition (Equation 13), the radial evolution of the comoving magnetic field can be obtained:
The comoving temperature is found by using Equation 32 and the expression for n
The pressure balance condition allows to obtain n
and the evolution of the current sheet width ∆ is calculated using Equations 31, 33 and 36 to be
Using the scaling laws derived above for Γ, we find that the current sheet width grows as ∆ ∝ R 1/12 , much slower than in case I. This further implies that the density ratio n ′ 1 /n ′ 2 increases with radius, as n
. At least qualitatively, this increase in the density ratio with radius can be understood as following from the requirement of pressure balance in both sides of the current sheet, and the fact that energy and entropy constantly "leaks" outside of the reconnection layer by photon diffusion.
Numerical integration
In this section, we obtain full numerical solution to the conservation equations. We present in Figure 2 the radial evolution of Γ, n ′ 1 /n ′ 2 , ∆ and T ′ for cases I and II, together with the asymptotic solutions derived above. In solving the equations, we chose fiducial parameters r0 = rL = 10 6 cm 10 , σ0 = 100, Γ0 = 10 and ǫ = 0.1, corresponding to (ǫΩ)3 = 3. With these parameters, the maximum Lorentz factor is Γmax = Γ0σ0 = 1000. Figure 2 clearly shows that the flow is very well described by our asymptotic solution in the intermediate zone and that the solution is not sensitive to uncertainties in the initial conditions, in particular to the exact initial values of ∆0, T0 and r0. In other words, the flow at r ≫ r0 is fully described by Γmax = σ0Γ0 and (ǫΩ) only, provided that the thermal energy is initially much smaller than the magnetic energy as well as the rest mass energy density.
The top panel a) of Figure 2 displays the radial evolution of the Lorentz factor for cases I and II. For clarity, only the asymptote given by Equation 21 is presented. After an initial coasting period, the outflow accelerates with the Lorentz factor increasing proportionally to R 1/3 , in very good agreement with the asymptotic solutions. At larger radii, after all the magnetic energy is exhausted, the outflow coasts. It is clearly seen that the Lorentz factor is not strongly influenced by the assumption on the evolution of the radiation field.
The width of the current sheet ∆ = lcs/l0 is shown in the second panel b) of Figure 2 . We find a good agreement with the asymptote for case I, given by Equation 22. In case II, small deviations between the numerical solution and the asymptote given by Equation 37 is seen, which can be explained by the use of zeroth order approximation of the continuity equation. As expected, when the current sheet is not supported by the radiation pressure, its width is smaller by several order of magnitude while its density is larger by several order of magnitude relative to case I.
The third panel c) of Figure 2 represents the ratio of the density in the current sheet to that inside the magnetized region, n ′ 1 /n ′ 2 . The agreement with the asymptotes derived in the previous section is very good. In case I, the magnetic pressure is supported by the thermal energy in the current sheet. As a result, its density does not need to be much larger than that in the magnetized region, and the ratio stays constant. On the other hand, when heat and entropy of the current sheet can be redistributed by photon diffusion and scattering, the magnetic pressure is supported by the thermal pressure of the particles, implying a very large density in the current sheet.
Finally, the radial evolution of the current sheet comoving temperature (which is equal to that of the whole outflow in case II) is displayed in the fourth panel d) of Figure 2 . In both cases the temperature decreases; and, with the exception of the initial stage, remains non-relativistic. Once again the agreements with the asymptotes derived in the previous section are very good.
To further illustrate that the evolution is solely sensitive to the values of Γmax and (ǫΩ), Figure 3 shows the radial evolution of the Lorentz factor in case II for several values Γ0, but same Γmax = σ0Γ0, showing that the solutions approach the same asymptotic evolution provided that Γmax is the same. Similar results hold for the other quantities.
In the next section, we study a posteriori the validity of the assumptions made in deriving cases I and II equations, and their applicability to the GRB environment.
TRANSITIONS RADII IN THE STRIPED WIND SCENARIO
The photospheric radius
The derivations presented above are valid as long as the radiation and matter are strongly coupled, namely below the photosphere. In calculating the photospheric radius, one can use the general expression of the optical depth for a photon emitted at radius r on the line of sight first derived by Abramowicz et al. (1991) ,
Here, σT is the Thompson cross-section, and the integration is performed over the photon path. In deriving the analytical expression below, we assume that the photospheric radius is below the coasting radius, namely r ph /rL < Rc,I,II. As we show below, this is the case for parameters characterizing GRB outflow. The contribution of the current sheet to the total opacity can be neglected since only a small fraction of the matter is contained in the current sheet during the accelerating phase. Using first order expansion (1 − β) ≃ 1/(2Γ 2 ) one finds
where the index i = I, II for the two cases considered above. Furthermore, in case I, Ai ≡ AI = (5AΓmax) 2 3 , while in case II, Ai ≡ AII = (30AΓmax/7) 2 3 . The photospheric radius is, by definition, the radius at which τ (r ph ) = 1, from which one finds r ph = 3σTΓ0R 
Here and below, X = 10 n Xn in cgs units. We thus conclude that the difference between the photospheric radii is small, as it is mainly due to the difference in the Lorentz factor. Since the parametric dependence is the same in both cases, we drop the distinction between case I and case II when referring to the photospheric radius from here on. In addition, the photospheric radius is almost two orders of magnitude smaller than the coasting radius for the fiducial parameters of our model. . For clarity, we do not display the corresponding value for case II as they are respectively close to R 0,I and R c,I . 
Transition between the regimes I and II
We considered the flow in two cases: (I) the radiation is locked in the current sheet and (II) the radiation escapes freely the current sheet filling the whole space. Applying our results to GRBs, we now check when our assumptions are valid.
In case I, the key assumption is that photons remain in the current sheet. It requires that the rate of diffusion through the current sheet be small. This condition ceases to be fulfilled at the radius r ∆ D,I above which radius, diffusion through the current sheet is efficient. When Compton scattering dominates, the diffusion time through the current sheet is given by 
Above r ∆ D,I , energy leaves the current sheet, taking away heat and entropy, which are (partially) redistributed in the magnetized region by Compton scattering, since r ∆ D,I < r ph . Case II is defined by two conditions. First, it is assumed that the energy deposited by reconnection in the current sheet can be redistributed in the magnetized region. It implies that diffusion through the current sheet is efficient. Second, the temperature in the current sheet and in the magnetized region are assumed to be similar T ′ 1 ∼ T ′ 2 , such that the pressure balance condition is satisfied by the gas pressure rather than the radiation pressure. We point out that in practice because energy is continuously deposited by reconnection in the current sheet, the average temperature of the current sheetT ′ 1 is always larger than the average temperature in the magnetized regionT ′ 2 , as long as the opacity of the current sheet be larger than the unity. Still for T ′ 1 T ′ 2 at the boundary of the current sheet, ∆pg ≫ ∆p rad , and the conditions for case II are satisfied.
In the regime II, the plasma density in the current sheet is so high that the free-free absorption/emission becomes important. Using the Rosseland mean for free-free emission α ff R , given by Equation 5.20 of Rybicki & Lightman (1979) , the ratio of free-free opacity to photon scattering opacity is given by 
One sees that the free-free opacity remains less than the scattering opacity, the photon diffusion time is determined by the Thomson scattering. However, free-free absorption/emission efficiently thermalized radiation provided the condition
is fulfilled (Shakura 1972) . Substituting the parameters of the flow, one finds that the radiation from the current sheet is thermalized up to the distance 
In the context of GRB, this might have profound effects on the emitted spectrum at the photosphere. In particular, it has the potential of solving the soft photon problem (see section 5.2 below). A detailed analysis of photon production and Comptonization below the photosphere in the striped wind scenario is out of the scope of the current paper, but it will be presented in a future publication. Above this radius, the condition for case II, namely efficient energy diffusion through the current sheet is satisfied. We mention that for equal average temperatures,T (46) obtained by using Equation 41 with ∆ → 1 − ∆. We point out that r 1−∆ D,II > r ph , above which Compton scattering ceases. Therefore, the energy is never fully homogenized in the magnetized region.
In the above computations, we presented two limiting cases: case I in which the radiation is locked in the current sheet, and case II, in which radiation can stream efficiently through the current sheet. At the formation of the reconnection layer, radiation is always trapped inside of it. Below the diffusion radius r ∆ D,I , given by Equation 42, radiation remains in the current sheet. Therefore, the dynamics follows the limiting case I until this radius.
Only at radii r > r ∆ D,I , energy can diffuse through the reconnection layer, and the contribution of radiation to the pressure balance condition decreases. As a result, the current sheet shrinks and its density increases. At r ∆ D,I , the opacity of the current sheet is larger than the unity for parameters characterizing limiting case II. It implies that the average temperature of the current sheetT ′ 1 is larger than the temperature of the magnetized regionT ′ 2 at these radii. Yet, because the temperature is weakly dependent on the optical depth 12 , with T ′ ∝ τ 1/4 , one could expect that the dynamics will not be significantly modified. Moreover, as it was shown above, the radiation energy density within the magnetized region remains inhomogeneous, contrary to the assumptions of the case II. This means that our case II may be considered as an idealized limiting case. But 11 The factor of two at the denominator comes from the fact that energy diffuses from the center of the current sheet towards both boundaries. 12 The relation between temperature and optical depth is easily obtained by writing the homogeneous diffusion equation without source term as (∂ 2 T 4 )/(∂τ 2 ) = 0, from which T ′ ∝ τ 1/4 .
taking into account that the dynamics of the flow is nearly the same on the limiting cases I and II, one can be sure that it remains the same even in the intermediate case.
DISCUSSION
Dynamics
We find that the acceleration of the outflow is very similar in limiting cases I and II. The radial evolution of the Lorentz factor is mostly due to our choice of reconnection rate, given by Equation 10. It constitutes the main assumption of our work. As already pointed out, when studying pulsar wind nebulae, Coroniti (1990) and Lyubarsky & Kirk (2001) parametrize the width of the reconnection layer ∆ by its proportionality with the Larmor radius, such that ∆Γl0 = κkBT
, where κ is a constant in the order of the unity 13 . The main difference with the GRB scenario is the important baryon load expected from the progenitor, see e.g. Levinson & Eichler (2003) . In fact, reconnection happens when the charge density in the current sheet cannot sustain the required current 14 (Usov 1975) , which in the context of GRBs happens only at very large radius. The micro-physical details of reconnection happen on the length-scale of few tens of plasma skin depth (Sironi & Spitkovsky 2014) . Comparing the comoving sheet width and the plasma skin depth Λ of the current sheet at the photosphere, we find for case II:
It is readily checked that lcs ≫ Λ at every radii. A similar result holds for case I as well. This result therefore implies that the evolution of the striped wind is described by a macro-physical rather than micro-physical process. Spruit et al. (2001) postulated the reconnection rate as given by Equation 10, assuming that the alternating magnetic field annihilates with a rate close to ∼ 0.1 of the Alfvén speed, which is comparable to the speed of light in highly magnetized outflows. Later, Lyubarsky (2010) justified this assumption by showing that the reconnection is triggered by the self-sustained Kruskal-Schwarzschild instability. This instability makes the plasma "drips out" of current sheets as a result of its own acceleration, favouring the field reconnection and maintaining the plasma acceleration, hence the self-sustained characteristic of the instability. In the context of GRBs, reconnection is therefore the result of a macro-physical MHD instability.
The MHD instabilities will eventually destroy the striped wind. This process was studied by Zrake (2016) in the context of pulsar winds under the guise of force-free electrodynamics. In this work, it was found that the plasma instabilities become dominant once the causal contact is established between the stripes, which happens after a comoving fast magnetosonic time. The characteristic radius at which this happens, rtur, can be calculated by comparing the comoving expansion time r/(Γc) to the crossing time of a stripe by a fast magnetosonic wave, Γl0/(β fms c), where β fms is the speed of the fast magnetosonic wave, associated with the Lorentz factor Γ fms = (σ0Γ0/Γ) 1/2 . Assuming β fms ∼ 1 and case I, one obtains rtur = 7.1 × 10 11 l 3 0,7 (ǫΩ) 2 3 Γ 2 max,3 cm, close to the photospheric radius. Note the very strong dependence on the parameters, and especially on l0. The turbulence is fully established and developed after a time four times longer than it takes the fast magnetosonic wave to cross one stripe (Zrake 2016) . It corresponds to the radius r = 4.5 × 10 13 l 3 0,7 (ǫΩ) 2 3 Γ 2 max,3 cm. Finally, we note that if all the magnetic energy were to be transformed to kinetic energy, the maximum Lorentz factor achieved by the outflow would be Γmax = σ0Γ0. However, under the assumption of high radiative efficiency, Drenkhahn & Spruit (2002) explained that a large fraction of the total energy is carried away by radiation, substantially reducing the final Lorentz factor. It was recently shown by Pe'er (2016) that up to half of the total energy can be emitted, reducing the final Lorentz factor down to Γmax/2. In this paper, we discarded this effect as we were interested in the solution below the photosphere, where coupling between the radiation and particles is efficient, as required by our assumptions. A detailed description of the spectrum emitting at the photosphere and at larger radii will be given in a future work.
Implications for the prompt emission of GRBs
The observed MeV peak energy in the spectrum of the prompt GRB emission can be attributed to thermalization processes inside the photosphere of the outflow (Eichler & Levinson 2000; Mészáros & Rees 2000; Rees & Mészáros 2005; Thompson et al. 2007; Beloborodov 2013; Vurm et al. 2013) . This requires models of sub-photospheric dissipation to be able to produce photons efficiently. Indeed, in a scenario in which photons cannot be produced and if dissipation occurs, the photons already present in the outflow would share the dissipated energy. As their average comoving energy is strongly increased, the observed spectral peak energy is shifted to large values. Assuming a luminosity-peak energy correlation, also referred to as Yonetoku correlation (Yonetoku et al. 2004 ), Beloborodov (2013) and Vurm et al. (2013) found that the Lorentz factor of GRBs can not be larger than ∼ 10 at the dissipation radius. This analysis is based on photon production processes, necessary to achieve thermalization and regulate the energy of the thermal peak. This result holds independently of both the content (baryonic, magnetic and thermal) and of the acceleration mechanism of the plasma, still unknown and highly debated (Zhang & Pe'er 2009; Bromberg et al. 2015; Bégué & Pe'er 2015) .
Referring to the striped wind scenario, Vurm et al. (2013) also considered the Bremsstrahlung rate when the plasma is clumped, i.e. when over-dense regions exist. Indeed, because Bremsstrahlung depends on the density square, compressed regions could play an important role in producing photons. Yet, they had to assume the fraction of energy carried by Poynting flux. They further estimated the compression ratio to be around 10 6 by satisfying the pressure balance condition with the gas pressure. In this paper, we consistently obtained the compression ratio, based on first principle MHD, and find that it agrees with the estimate of Vurm et al. (2013) for case II.
In case I, the compression ratio is small, being only 4. Therefore, the Bremsstrahlung process is not expected to be much more efficient than if no matter clumping was present. Using the same procedure as in Vurm et al. (2013) and Beloborodov (2013) , we find that Bremsstrahlung freezes out at radius 
whereĀ depends weakly on the temperature and is found to be nearly constant (Bégué & Pe'er 2015) . This result is compatible with that of Vurm et al. (2013) and Beloborodov (2013) . We note that in this situation, the outflow is unable to sustain the thermalization of the plasma as photons cannot be created (unless the outflow remains relatively slow with Γ ∼ 10 at radius r ∼ 10 10 cm). Therefore, the emission of such an outflow is characteristic of the photon starvation scenario discussed in Bégué & Pe'er (2015) .
In case II however, the compression ratio is very large ∼ 10 6 (as required by the pressure balance condition). As a result, Bremsstrahlung photon production is efficient at least up to r ∆ ff,II given by 45, which implies that the radiation from the current sheet be thermalized almost up to the photosphere.
CONCLUSION
In this paper, we presented a detailed analysis of the effects of radiation on the striped wind model. In the context of GRBs, this is required as the wind is initially optically thick due to the large baryon load. Previous studies of the dynamics of the striped wind model in the context of GRBs (Drenkhahn & Spruit 2002; Drenkhahn 2002 ) discarded the internal structure of the wind, preventing to study how radiation effects the dynamics of the plasma and its internal structure.
We presented an analytic asymptotic solution to the relativistic magneto-hydrodynamics equations by employing the short-wavelength approximation initially developed in Lyubarsky & Kirk (2001) . The solution depends on whether or not radiation can diffuse through the current sheet. Yet, the difference in the evolution of the Lorentz factor between the two limiting scenarios is small, and only the current sheet width and density are substantially modified.
We explained that case I is initially relevant for wind parameters compatible with GRB physics. Above r ∆ D,I , photons in the current sheet diffuse into the magnetized region. As a result, the radiation pressure of the current sheet drops, implying a decrease of its width, while its density increases to compensate for the magnetic pressure. Once this happens, the dynamics transitions to the case II scenario. The rate of photon production by the free-free process increases, implying that the current sheet be thermalized up to ∼ 10 11 cm, slightly smaller than the photosphere. This effect could provide a solution to the soft photon problem in GRBs.
To conclude, our results pave the way for studies dedicated to the effects of radiation on the dynamical evolution of a striped wind. the stress energy tensor can be divided into its matter and field components, T = Tg + TM. The stress energy tensor of an ideal gas is T µν g = hgU µ U ν + pgg µν . Here, U µ = (Γ, Γv, 0, 0) is the 4-velocity, Γ and v are the Lorentz factor of the flow and the speed, pg is the gas pressure, hg = ǫg + pg is the proper gas enthalpy, and its proper energy density is ǫg. Finally, g µν is the Minkowski metric tensor. The electro-magnetic component of the plasma is described by the electro-magnetic stress-energy tensor T
, where F αβ is the Maxwell field tensor. In the context of the striped wind, far from the light-cylinder rL, the laboratory frame magnetic field is toroidal B = B(r, t) φ. It implies that the laboratory frame electric field and current density are E = E (r, t) θ and j = j(r, t) θ. The only non-null components of the Maxwell tensor are F 02 = rE , F 12 = −rB, F 20 = −rE and F 21 = rB. The radiation stress energy tensor is R µν = I( n, ν)n µ n ν dνdΩ, where I is the specific intensity of photons of frequency ν moving in the direction n. We further assume that radiation is isotropic in the comoving frame. It implies that all the only non-vanishing components of R µν are on the diagonal, when it is expressed in the comoving frame. In addition, diag(
rad is the comoving energy density in radiation, and
By noting G µ the radiation 4-force density, further assuming that there is no external force, the Bianci identity for the radiation on the one hand and matter plus magnetic component on the other hand can be separated. It comes
The energy equation is the zeroth component of the divergence of the stress energy tensor
where G 
The entropy equation is obtained by projecting Equation A2 along Uµ and by using T T is the four-current. The equation can be simplified to:
where we used Equation A1 to simplify the terms in r 2 . In the absence of radiation (G 0 = G 1 = 0), when specializing to the equation of state pg = (γ − 1)(ǫg − n ′ mc 2 ), whereγ is the adiabatic index of the gas 15 and c the speed of light, one recovers the entropy equation A4 of Lyubarsky & Kirk (2001) :
where the convective derivative is
We now turn to express the conservation equation for the radiation. In the laboratory frame the radiation stress energy tensor becomes
The radiation energy equation is obtained by taking the zeroth component of the divergence of the radiation stress energy tensor ∂ ∂t
while the radiation momentum equation is obtained from the first component of the divergence of the radiation stress energy 15 The adiabatic indexγ is for the gas only. The radiation is treated separately with adiabatic index 4/3.
These two equations give the expression of the radiation four-force appearing in Equations A5 and A6. The system is completed by Maxwell's equations. Ampere's law reads
Faraday's law is
and Ohm's law
Here σc is the conductivity of the plasma. The system is closed by the ideal gas law and an equation of state:
APPENDIX B: PERTURBATIVE APPROACH TO THE MHD EQUATIONS: DECOMPOSITION INTO FAST AND SLOW VARIABLES
Here, we follow similar steps to the mathematical derivation of Lyubarsky & Kirk (2001) . The problem at hand naturally possesses two time scales. On the one hand, the rotation period of the pulsar defines the fast time-scale t f = 2π/Ω. We further assume that at a distance of a few light-cylinder radii from the central compact object, the pattern of the wind (which consists of the current sheet and the magnetized region) is stationary. The speed of the flow does not change within one pattern, while magnetic field, density, pressure and radiation vary internally (between the hot and cold layers). The system can therefore be thought as an entropy wave comoving with the fluid. This wave evolves on a slow time scale corresponding to the expansion time of the wind ts ∼ 2πr/(rLΩ). Following Lyubarsky & Kirk (2001) , the procedure we follow is (1) transform the problem to the slow and fast independent variables, (2) expand the parameters, (3) solve for the zeroth order equations, (4) solve the first order equations requiring that the secular terms they contain vanish. We first define the phase (over one pattern)
where vw(r) is the speed of the pattern, which will be determined later. Then, the coordinates of the problem are changed from (r, t) to (R, Φ) where R = ǫr/rL, with ǫ ≪ 1 and R ∼ 1. The Jacobian of the transformation is
The continuity equation in the new set of coordinates is
where the definition of the light-cylinder was used, rL = c/Ω. The energy equation A4 gets the form
where Equation A10 was used to express G 0 . Transforming the entropy Equation A6 is more cumbersome, and after long but simple substitution algebra, it becomes
where the radiation enthalpy h ′ rad = 4ǫ ′ rad /3. Finally, the Ampere's and Faraday's equation becomes
In order to simplify the equations, we introduce β = v/c and βω = vω/c. We further expand all the quantities to the first order in ǫ such that for a quantity X , we write X = X0(Φ, R) + ǫX1(Φ, R). Since an entropy wave is considered, we have ∂β0/∂Φ = 0.
Expanding the continuity equation in ǫ, the zeroth order gives βω = β0(R). Therefore, using Ampere and Faraday equations gives
Faraday Equation B7 implies that E0 − β0B0 is independent of Φ. In the region where the assumption of ideal MHD holds, Ohm's law imposes
At the zeroth order in ǫ, the energy Equation B4 simplifies to
which is the pressure balance condition of the current sheet. In addition, it is immediately checked that the entropy equation is satisfied at the zeroth order in ǫ.
In order to describe the internal structure, one needs to consider the first order in ǫ. In this order, the continuity equation becomes Γ0 β0
and the two Maxwell equations
Ohm's law reads
The first term is null according to the zeroth order Ohm's law together with the assumption of ideal MHD. One therefore obtains
Using Equation B15 in the Faraday Equation B13 leads to 
An implicit assumption made in the derivation of this equation is that the density and the magnetic field do not depend on Φ outside of the current sheet, as is the case for the striped wind considered here. The energy Equation B4 becomes
Equations B11 and B18 which represent conservation of particles and energy can be viewed as generalization of Equations A23 to A26 of Lyubarsky & Kirk (2001) , when radiation terms are included. The first order entropy Equation B5 can be further simplified by writing the pressure balance condition given by Equation B10 as
Using this equation, the entropy Equation B5 in first order of ǫ obtains the form
In order to avoid the divergence of the first order terms, integration of the equations over one period of the fast variable should be null. Imposing these regularity conditions is enough to determine the slow variation of all the parameters. The final set of equations reads
where the right-hand side of the last equation is obtained by integration by parts and using Maxwell's equations. Note that these equations contain only zeroth order terms and must be satisfied to ensure convergence of higher order terms. Finally, dividing both sides of Equation B23 byγ − 1, leads to Equation 8, after recognizing the expression for the total enthalpy (gas and radiation). We note that Equation B22 can also be simplified by recognizing the expression of the total enthalpy.
APPENDIX C: APPLICATION TO THE STRIPED WIND MODEL
Within the framework of the striped wind model, Equations B21, B22 and B23 can be further simplified. Since these equations contain only zeroth order terms, we can omit the subscript 0. Instead, we add subscripts 1 and 2 to refer to the current sheet and the magnetized region respectively. Since the magnetic field changes polarity in between the current sheets, it is best to described the wind using 4 distinct regions such that:
for 0 < Φ < π∆(R) and π < Φ < π[1 + ∆(R)]
which represents the two current sheets. The two magnetized regions are described by In case I, the energy and entropy equations obtain the form ∂ ∂R R 2 βΓ 2 mpc 2 (n 
where we made use of the pressure balance condition, p1 = B ′ 2 /(8π). The assumptions ∆ ≪ 1 , σ ≡ B ′ 2 /(4πn ′ mpc 2 ) ≫ 1 and Γ ≫ 1 lead to a degeneracy. Therefore, in order to obtain analytical solutions to the set of MHD equations, one needs to consider their first order expansion in ∆, σ −1 and Γ −1 . This can be directly seen since in the zeroth approximation with respect to the small parameters ∆, σ −1 and Γ −1 the continuity Equation 6, the energy Equation 7 and the flux freezing condition Equation 5 become 
The entropy Equation 8, is written as
The averaging in the right-hand side should be performed with care due to discontinuity of the magnetic field at the boundary of the current sheet:
This expression is further simplified by using the flux freezing condition ( Equation 13) and the first order continuity Equation
D5
. After some algebra, one gets
